A b s t r ac t . We study the tropicalization of the space L(X) of lines contained in a fixed plane X, or, more generally, d-dimensional linear subspaces contained in a fixed (d + 1)-dimensional linear variety. We restrict our attention to the case the variety X has constant coefficients. We prove that these spaces L(X) are linear subspaces themselves, and thus their tropicalization is completely determined by their associated matroids. We show that these matroids are equal to the matroid of lines of the hyperplane arrangement corresponding to X, which generically can be interpreted as Dilworth truncations. In this way, we can describe tropicalized Fano schemes parametrizing d-dimensional linear subspaces of a (d + 1)-dimensional linear variety, and tropicalizations of moduli spaces of stable maps of degree 1 to a plane.
1. I n t ro d u c t i o n 1.1. Results. The dual projective plane (P 2 ) ∨ parametrizes lines in P 2 , offering the opportunity for a rich theory of duality for classical plane curves. In tropical geometry, there are many models of a plane: all 2-dimensional tropical linear spaces. The basic model, R 2 , allows for a well-known concept of duality: the space of non-degenerate tropical lines in R 2 can be identified with R 2 , by sending a line to (minus) the coordinates of its vertex. (If we choose the minus sign, also point-line incidences are respected under this tropical map to the dual plane.) The concept of dual tropical curves, and tropical point-line geometry, has been investigated in this setting [IL19, BJLR18] .
The theory of embedded planar tropical curves makes it evident that the basic model R 2 is not always sufficient to study certain geometric features on the tropical side -sometimes we have to take other tropical planes into account, see e.g. [BJMS15, HMRT18] . If we pick another simple tropical model of the plane, namely the standard tropical plane X in R 3 , it turns out that the situation concerning the concept of duality is different already: the space of tropical lines in the standard tropical plane X in R 3 cannot naturally be identified with X itself (see Example 33). Thus, self-duality does not necessarily hold for tropical planes. This observation is one of our motivations to ask the following question:
Question A. Given a tropical plane X ⊂ R n−1 , what is the space of tropical lines in X ?
In this paper we focus on the case X is realizable and has constant coefficients, that is, X is the tropicalization X = trop(X) = − val(X ∩ (K * ) n−1 ) of a fixed linear plane X in P n−1 for some n, where K is an algebraically closed field with a non-Archimedean valuation val, the coefficients of the equations defining X are contained in a subfield on which the valuation is zero, and where we identify (K * ) n−1 with the projective torus in P n−1 (by dehomogenizing). In this case, X is the fan in R n−1 over the order complex of the lattice of flats of the matroid defined by X, also called the Bergman fan of X [AK06, FS05] . The notion of Bergman fan provides yet another cryptomorphic definition for matroids [Kat16] .
Among the tropical lines in the tropical plane X = trop(X), some are obtained as tropicalizations of classical lines inside X. We thus consider the space L(X) of lines in X, which is a subset of the space of lines in P n−1 , i.e. of the Grassmannian Gr(2, n) ⊂ P ( n 2 )−1 . The space L(X) is cut out by certain linear incidence relations (see Section 2). It turns out that L(X) is itself a linear subspace of P ( n 2 )−1 (see Theorem 8), and thus its tropicalization is again equal to the Bergman fan of a matroid. This leads to the following question:
Question B. Given a plane X ⊂ P n−1 , what is the matroid corresponding to the space L(X) of lines in X?
Our main result below provides an answer to this question: it describes the linear space L(X) using concrete coordinates, and shows that the matroid of L(X) is equal to the matroid of lines of the hyperplane arrangement defined by X. Generically, this matroid is equal to a Dilworth truncation of the free matroid.
Since our methods allow to work with this more general situation, we study spaces L(X) of d-dimensional linear subspaces contained in a fixed (d + 1)-dimensional linear subspace X ⊂ P n−1 . The case of lines in planes is then obtained by setting d = 1.
Theorem 1. Let X ⊂ P n−1 be a d-dimensional linear subspace, and L(X) ⊂ Gr(d, n) ⊂ P ( n d )−1 be the space of (d − 1)-dimensional linear subspaces contained in X. Then L(X) is a linear subspace of P ( n d )−1 . We present the matroid of L(X) in three different ways: (i) as the matroid of the incidence relations (see Definition 1), (ii) as the matroid of a concrete point configuration in terms of the Plücker coordinates of X (see Definition 16), (iii) as the matroid of lines of the hyperplane arrangement A(X) induced by X (see Definition 22 ). Furthermore, if X is a generic subspace (see Proposition 25), the matroid of L(X) is isomorphic to the (n − d)-th Dilworth truncation of the free matroid U n,n (see Definitions 28 and 30). Thus, for generic X, the space trop(L(X)) is equal to the Bergman fan of this Dilworth truncation.
With this theorem, we offer a systematic study of tropicalized lines in planes (in the constant coefficient case), and, more generally, of tropicalized hyperplanes of a d-dimensional linear subspace. This paper is organized as follows. In Section 2 we collect preliminaries on Grassmannians, Plücker relations, incidence relations, and their tropical counterparts. In Section 3 we study the incidence relations defining the space L(X) of (d − 1)-dimensional linear subspaces contained in a d-dimensional linear subspace X ⊂ P n−1 , and prove that L(X) is a linear subspace of P ( n d )−1 . In Section 4 we determine concrete coordinates that define the same matroid as the incidence relations, and prove the equality of (i) and (ii) in Theorem 1 (see Theorem 18). In Section 5 we prove the equality of (ii) and (iii) in Theorem 1. In Section 6 we discuss the dependence of L(X) on X: there is an open dense subset of Gr(d + 1, n) for which trop(L(X)) does not change -we call this trop(L(X)) the generic space L trop (X ) of tropicalized (d − 1)-dimensional linear subspaces for the Bergman fan X of the uniform matroid U d+1,n . In Section 7 we recall the concept of a Dilworth truncation for a matroid and prove that if X is generic, the matroid of L(X) is a Dilworth truncation of the free matroid, completing the proof of Theorem 1. For the case of lines in planes and X the Bergman fan of the uniform matroid U 3,n , we compute the circuits defining L trop (X ), giving yet another concrete way to deal with the matroid of the space of lines. Throughout the text, we apply Theorem 1 to compute examples of spaces of tropical lines in planes. We study their combinatorics and fan structure, viewing them as tropical moduli spaces resp. Fano schemes.
1.2. Background on tropical moduli spaces and Fano schemes. Tropical geometry has been successful in enumerative geometry, where an enumerative invariant is often treated as a 0-dimensional Chow-cycle in a suitable moduli space parametrizing the objects to be counted. This fact together with the close connection of tropical moduli spaces to their classical counterparts (which can for example be exploited to study topology [CGP18] or compactifications [Cap18] ) triggered a large interest in tropical moduli spaces in the last years [Mik07, GKM09, ACP15, CGP16, RSPW19, CMR16, Cha17, Gro16]. Often, moduli spaces of tropical curves of fixed genus g, possibly with n marked points, M trop g,n , are considered. Roughly, they parametrize connected metrized graphs with unbounded edges called ends of infinite length, and whose vertices V are equipped with a local genus g V such that the sum of these vertex genera plus the first Betti number equals g. A standalone vertex must have genus at least two, one-and two-valent vertices must have genus at least one.
If g > 0, the moduli space M trop g,n can be given the structure of an abstract cone complex. For g = 0, M trop 0,n is a fan in a vector space, or, in other words, an embedded tropical variety. The embedding is obtained as a quotient of the Plücker embedding of the Grassmannian [Tev07, GM10, SS04] . It is given by a linear ideal corresponding to the matroid of the complete graph K n−1 .
From the point of view of Gromov-Witten theory, it is most natural to study moduli spaces of stable maps into another variety X next, these are the ones useful to study the enumerative geometry of X. Since the case g = 0, i.e. the moduli space of stable rational maps, is most accessible, we restrict to that case for the purpose of this exposition. For X = P n , we can take the tropical (non-compact) model R n and study moduli spaces of rational tropical stable maps of degree d to R n , denoted by M trop 0,n (R n , d). Roughly, these spaces parametrize tuples (Γ, x 1 , . . . , x n , f ), where Γ is a metrized tree with some ends marked by x 1 , . . . , x n , and f : Γ → R n is locally affine-linear such that f (Γ) naturally obtains the structure of a tropical subvariety of R n -i.e., a weighted balanced graph.
The spaces M trop 0,n (R n , d) are again fans, and closely related to their classical counterparts [GKM09, Ran17] .
The case of subvarieties of projective space is more challenging. The tropical analogue is a tropical subvariety X ⊂ R n . Now realizability becomes an issue. Naively, we could let M trop 0,n (X, d) parametrize (Γ, x 1 , . . . , x n , f ) such that the tropical variety f (Γ) is contained in X. But such a containment does not necessarily come from a tropicalization of a curve contained in a projective subvariety, so simply requiring containment is not sufficient from the purpose of realizability. In other words, there is a difference between moduli spaces of stable maps whose image is a tropical subvariety, and the tropicalized moduli space of stable maps.
Here, we care about realizability and focus on tropicalized moduli spaces of stable maps. Such tropicalized moduli spaces have been considered only for a few tractable situations, for example if X is a smooth rational curve [GMO17] , or if X is a cubic surface [GO17] . In the first case, M trop 0,n (X, d) is a tropical variety (i.e., a weighted balanced polyhedral complex, but not a fan in general). The second moduli space is 0-dimensional and the main task is to describe the tropical lines in the tropical cubic surface in question [HJ17, CD, PV, PSS, Gei].
With this paper, we add another class of tractable situations to the list: from the point of view of Gromov-Witten theory, the spaces M trop 0,n (X, 1) of stable maps of degree one for which X is a 2-dimensional (realizable) tropical linear subspace can be treated with our approach.
On the other hand, our main result also offers a new approach for the study of tropicalized Fano schemes, initiated in [Lam18] . Fano schemes are moduli spaces parametrizing linear subspaces of algebraic varieties. In [Lam18] , the discrepancy between tropical Fano schemes (parametrizing not necessarily realizable tropical linear subspaces of a tropical variety) and tropicalized Fano schemes is discussed. The latter is in general strictly contained in the former.
Here, we contribute the study of tropicalized Fano schemes of linear subvarieties of dimension one higher, by describing them combinatorially. In particular, we show that for generic X, the tropicalized Fano scheme is constant, and equal to the Bergman fan of a Dilworth truncation. With Theorem 1, we offer a new perspective on tropicalized Fano schemes, and, in particular, on Example 3.4 in [Lam18] .
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P r e l i m i n a r i e s
We start by recalling some basic facts about Grassmannians, Plücker embeddings, and incidence relations. We also review how these translate into the tropical world. A more detailed exposition on Plücker embeddings and incidence relations can be found in, for example, [MS05] . Basics on tropical Grassmannians and tropical linear spaces can be found in [SS04, Spe08, MS15] .
Let m ≤ n be non-negative integers. We will use the notation [n] := {1, . . . , n}, 2 [n] for the power set of [n], and [n] m := {A ∈ 2 [n] | |A| = m}. Fix K an algebraically closed field. The Grassmannian Gr(m, n) is a projective algebraic variety parametrizing all m-dimensional linear subspaces of K n , resp. (m − 1)-dimensional projective subspaces of P n−1 . It can be embedded into projective space P ( n m )−1 via its Plücker embedding: An m-dimensional subspace L ⊂ K n presented as the rowspace of a matrix M ∈ K m×n corresponds to the point m−1 and B ∈ [n] m+1 , the Plücker relation
The ideal of S generated by these Plücker relations is called the Plücker ideal. 
denotes the collection of circuits of p, the tropical linear space corresponding to p is Tropical linear spaces play the role of linear subspaces in tropical geometry, and generalize tropicalizations of classical linear subspaces, as we describe below. Let K be a field with a non-Archimedean valuation, e.g., K := C{ {t} } the field of Puiseux series, and consider the n-dimensional vector space
m −1 be the tropical Plücker vector obtained by taking the coordinatewise valuation of P . Then the tropicalization (i.e., the coordinatewise negative of the valuation) of the linear subspace W ⊂ V is precisely the tropical linear space L(p). Tropical Plücker vectors arising as valuations of classical Plücker vectors are called realizable, and they form the tropical Grassmannian trop(Gr(m, n)) ⊂ Dr(m, n). If W is defined over a subfield on which the valuation is zero (e.g., in the case of the Puiseux series, over C), the tropicalization of W is a fan called the Bergman fan. It only depends on the underlying matroid of W .
Suppose d ≤ e are non-negative integers and X is a fixed e-dimensional tropical linear
d is contained in X if and only if the following tropical incidence relations are satisfied:
is attained at least twice (or is equal to −∞). A proof of this fact can be found, for instance, in [Haq, Theorem 1] or [Mun, Lemma 2.6].
The interested reader will find more details about tropicalizations of linear spaces, their tropical moduli spaces, and their underlying matroidal structure in [MS15, Spe08] .
T h e i n c i d e n c e a n d P l ü c k e r r e l at i o n s
Fix d ≤ e nonnegative integers. In this section we prove that the classical incidence relations imply the Plücker relations in the case that d + 1 = e.
Let S be the polynomial ring
⊂ S the ideal generated by the incidence relations, when thought of as polynomials in S. Similarly, denote by
the ideal generated by the Plücker relations. If X is a fixed e-dimensional linear subspace of K n with Plücker coordinates (q J ) where J ranges over all elements in [n] e , then by evaluating Q J → q J in the ideal I d,e,n we obtain a linear ideal
The intersection of the linear subspace V (I d (X)) with Gr(d, n) parametrizes d-dimensional linear subspaces contained in X, and so it equals L(X).
Theorem 2. If e = d + 1 then the incidence relations imply the Plücker relations up to saturation with respect to Q C for any fixed C ∈ [n] e . More concretely, we have
The proof builds on a double induction whose steps we spell out in the following lemmata, finally showing that each Plücker relation R A,B is contained in I d,d+1,n : Q C ∞ in Proposition 6.
Then (−1) ψ j is independent of i, and i∈B\(A\a)
Proof. First we show that ψ j modulo 2 does not depend on i. To see this, notice that the summands of ψ j that depend on i and do not cancel out are
Assume first that j < a. We claim that
If i is not between j and a then
Additionally, the first two summands in (3) cancel if i is not between j and a and contribute −1 if it is. Hence (4) holds if j < a. The case a < j is treated similarly, simply switching a and j in the argument.
It follows that for fixed j the expression (−1) ψ j R A\a∪j,B Q C\j∪a is well-defined. We can expand it summing over all i ∈ B \ (A \ a) with i = j. If, on the other hand, we expand for fixed i ∈ B \ (A \ a) the polynomial I A\a∪i,C∪a as a sum over all j ∈ C \ A, j = i, we deduce the claimed equality.
Proof. The proof is by induction on |A \ C|. For the base case, suppose |A \ C| = 0. Then
and if i, j, b are distinct we also have
All three congruences are easily verified by distinguishing all six orderings of the variables i,j, and b. Furthermore, note that b ∈ B \ C implies b ∈ A as A ⊂ C. Substituting the initial relations and distinguishing the two cases j = b and j = b for the index j leads to the following equality:
The first two terms sum to R A,B Q C . Further changes of the summation order followed by a cancellation of terms using (6) shows that the above equals:
Combining the last two sums and then applying (7) leads to:
Proof. The proof is by induction on |A ∩ C|. For the induction base case, assume |A ∩ C| = d − 1, i.e., A ⊂ C.
We now use another induction on |B ∩ C|. For the second induction base case, assume |B ∩ C| = d + 1, i.e., B = C. Then the claim follows from Lemma 4. The second induction hypothesis is that
Then there exists b ∈ B \ C and we can apply Lemma 5. The right hand side of Equation (5) 
Thus the inductive step for the second induction is complete, which proves the base case for the first induction.
The induction assumption is that for all A and B such that |A ∩ C| > k we have R A,B ∈ I d,d+1,n : Q C ∞ . Now let A and B be such that |A ∩ C| = k < d − 1. Then there exists a ∈ A \ C. We apply Lemma 3. The left hand side of Equation (2) is in
Example 7. The hypothesis that e = d + 1 is essential for Theorem 2. In the case n = 4 and d = 2, e = 4, for instance, the ideal I 2,4,4 is the zero ideal, since any 2-dimensional linear subspace is contained in the only 4-dimensional linear subspace of K 4 , and so clearly the Plücker ideal R 2,4 is not contained in a saturation of I 2,4,4 . As a different example, take n = 5 and d = 2, e = 4. It can be computationally checked that the ideal I 2,4,5 contains no polynomials involving only the variables {P J } J∈( 5 2 ) , not even after saturating by all the variables P J and Q L , which implies that R 2,4 is not contained in the saturation of I 2,4,5 .
Theorem 8. Let X ⊂ K n be a linear subspace of dimension d + 1. Then
It follows that the space L(X) parametrizing d-dimensional subspaces contained in X is a linear subspace of P ( [n] d )−1 , defined by the linear ideal I d (X) ⊂ S .
Proof. Suppose X has Plücker coordinates (q J ) J∈( [n] d+1 ) , and let C be such that q C = 0. The first statement follows from Theorem 2, after evaluating Q J → q J . We then have L(X) = Gr(d, n) ∩ V (I d (X)) = V (I d (X)), as claimed.
C o n c r e t e C o o r d i n at e s
Let X ⊂ K n be a linear subspace of dimension d + 1. In this section, we give a description of the matroid of the linear subspace L(X) ⊂ P ( [n] d )−1 of d-dimensional subspaces contained in X as the matroid of a concrete point configuration (see Theorem 1 (ii)). This point configuration will be given by the column vectors of a matrix V , that is obtained in the following way: We write X as the rowspace of a (d + 1) × n matrix W and then take V to be the matrix of d × d minors of W . For a precise definition see Definition 16.
To prove that V gives the right matroid, we start with the ideal I d (X). We define a certain set of elements of I d (X) (see Definition 9) and collect their coefficients as rows in a matrix U (see Definition 12). We then show that U and V are Gale dual to each other (Theorem 18) and that the elements we used to define U already generate I d (X) (Lemma 21), which completes the proof.
Let us begin by introducing explicit relations that lie in the incidence ideal 
where b denotes the maximal element of B.
In particular, we get
whenever the set A is of size d − 1 and a 1 < a 2 are the elements in [d + 1] \ A.
Example 10. Consider the case where A is of size d − 2 and a 1 < a 2 < a 3 < d + 1 are the three elements of [d + 1] \ A. Denote by b 1 < b 2 the elements of B. In this situation we have
where we used the 3-term Plücker relations
Let X be a (d + 1)-dimensional linear subspace in K n , and denote by (q J ) J its Plücker coordinates. Without loss of generality, we assume q [d+1] = 1. Proof. We prove this by induction on the number k of elements in B. The base case k = 1, i.e., B = {b}, is given by Equation (9). For the induction step we assume that for all A, B with |B| = k, we have [d+1] = 1 and Q J = q j in the Definition 1 of the incidence relations, we get
where we used the induction hypothesis in the last equality. The claim follows after canceling terms in the sum. d ] is the ideal generated by the the polynomials I A,B , after evaluating Q J → q J . Note that there is one such relation I A,B for every d-element subset A ∪ B of [n], except for those contained in [d + 1]. In particular, there are n d − (d + 1) relations I A,B . We denote by U the ( n d −(d+1))× n d matrix whose A∪B row consists of the coefficients of I A,B (after evaluating Q J → q J ). We order the columns such that we begin with the indices I ⊂
It follows from Lemma 11 that U has a permutation matrix of size n d − (d + 1) as its right block. We may arrange the columns such that U = (U | E), where E is a unit matrix and U is an ( n d − (d + 1)) × (d + 1) matrix. (1, 4), (2, 4), (3, 4), (1, 5), (2, 5), (3, 5), (∅, 45), and the columns correspond to the variables P ab with the tuples ab ordered as follows:
12, 13, 23, 14, 24, 34, 15, 25, 35, 45.
The first six rows are as given in Equation (9), the last row as in Example 10.
For a k × l matrix T with k ≤ l and a subset J ⊂ [l] of size k, denote by T J the k × k matrix obtained from T be keeping only the columns in J.
Remark 14. As before, let X be a (d + 1)-dimensional linear space in K n . The subspace X can be presented as the rowspace of a row reduced (d + 1) × n matrix W = (w ij ). We may assume that the first d + 1 columns of W form a unit matrix.
The maximal minors det(W J ) of W are the Plücker coordinates (q J ) of X, with q [d+1] = 1. In particular, det(W [d+1]\i∪j ) = q [d+1]\i∪j . Because of the unit matrix block to the left side of W , it is easy to see that det(W [d+1]\i∪j ) = (−1) d+1−i w ij . Thus, X is the rowspace of the following (d + 1) × n matrix W :
Example 15. Let n = 5 and d = 2. Then the matrix W is
Definition 16. Let X be a (d + 1)-dimensional linear space with q [d+1] = 1, and W as in Remark 14. We denote by W i the matrix where we delete the i-th row from W . We define
where J is a d-set. The columns of V define a matroid, which we call the matroid of concrete coordinates of L(X).
By construction V has a (d + 1) × (d + 1) unit matrix E as its left block. We may thus
Example 17. We compute the matrix V for the case n = 5 and d = 2, using the matrix W from Example 15. The labelings of the columns are chosen as in Example 13. We obtain:
For the first 9 columns, this is immediate from the matrix W in Example 15 and Definition 16. The last column has entries:
• −q 234 q 135 + q 235 q 134 , which equals q 345 using the Plücker relation with A = 23, B = 1345 and q 123 = 1, • q 234 q 125 − q 235 q 124 , which equals −q 245 using the Plücker relation with A = 23, B = 1245 and q 123 = 1, and • −q 134 q 125 + q 135 q 124 , which equals q 145 using the Plücker relation with A = 13, B = 1245 and q 123 = 1.
In particular, we see that the matrix V is Gale dual to the matrix U of Example 13.
The aim of this section is to show this behaviour in general.
Theorem 18. The matroid defined by the columns of the matrix V coincides with the matroid of the linear ideal defined by the incidence relations, thus the matroids described in (i) and (ii) of Theorem 1 are equal.
Proof. By Lemma 21 below, the relations I A,B encoded in the rows of the matrix U = (U | E) (see Definition 12) generate the ideal of the incidence relations I d (X), i.e., the ideal defining L(X). The matrix V = (E | V ) is given in Definition 16. From Proposition 19 below we conclude that V = −U T which implies that U and V are Gale dual to each other, i.e., the rows of V form a basis for the kernel of U . In particular, the matroid of the rows of U equals the matroid of the columns of V , and the claim follows.
To complete the proof, we need to prove Proposition 19 stating V = −U T and Lemma 21 showing that I d (X) = I d (X). We start with Proposition 19.
Consider the matrix W above (see Remark 14) and recall that for k ∈ [d + 1], we denote by W k the d × n matrix obtained from W by removing its k-th row. Proof. For b ∈ B the maximal element of B, using Laplace expansion for the b-th column of W we get
For j < i the sign in the summand above is −1, for j ≥ i it is 1.
For j ∈ A the j-th column of W i∪j is zero, and so is det(W
A∪B\b i∪j
). We thus find 
Now we use induction on the size of B. If |B| = 1, let {b} = B and a 1 < a 2 the elements of [d + 1] \ A. For i ∈ A, we have det(W A∪b i ) = 0, because the matrix has a zero column. Using Laplace expansion, we can compute det(W A∪b a 1 ) = (−1) d+a 2 −1 · (−1) d+1−a 2 · q [d+1]\a 2 ∪b = q [d+1]\a 2 ∪b , and det(W A∪b a 2 ) = (−1) d+a 1 · (−1) d+1−a 1 · q [d+1]\a 1 ∪b = −q [d+1]\a 1 ∪b . Comparing this with equation (9) for I A,b , we can see that these are exactly the negatives of the coefficients of P [d+1]\a 1 = P A∪A 2 resp. P [d+1]\a 2 = P A∪a 2 .
For the induction step, we may assume that the result is true for all sets of size smaller than B. Denote by C [d+1],i (A, B) the coefficient of P [d+1]\i in I A,B . Then using our hypothesis we have
and the induction is completed.
The following lemma is needed in the proof of Lemma 21 showing that I d (X) = I d (X).
Lemma 20. Let A ∈ [n]
d−1 and B ∈ [n] d+2 . Then for all k = 1, . . . , d + 1,
Note that by definition this equals the coefficient of
Proof. This follows from the incidence relation I A,B = 0 expressing the fact that the rowspace of W k is contained in the rowspace of W : the q B\i are the Plücker coordinates of W and the det(W A∪i k ) the Plücker coordinates of W k . Choosing i = l in the first case produces the summand which appears on the right hand side of the equation, choosing i = k produces a zero summand and can hence be left out.
Lemma 21. We have
In particular, the space L(X) of d-dimensional subspaces of X defined by the ideal I d (X) is the kernel of the matrix U in Definition 12. 
thus I d (X) ⊂Ĩ d (X) also holds.
M at ro i d s o f l i n e s
Let X ⊂ K n be a linear subspace of dimension d + 1. The n coordinate hyperplanes {x i = 0} of K n restrict to an arrangement A(X) of n hyperplanes in X ∼ = K d+1 (whose intersection lattice encodes the matroid of X). In this section we prove that the matroid of the linear subspace L(X) ⊂ P ( [n] d )−1 agrees with the matroid of lines of the hyperplane arrangement A(X), as described below.
Definition 22. Let A = {H k } n k=1 be a hyperplane arrangement in K d+1 . For J ∈ [n] d , let J := k∈J H k if this intersection has dimension 1, 0
otherwise.
The matroid of lines of A is defined as the matroid of dependencies among the J .
Let W be a (d + 1) × n matrix whose rowspace is equal to X, as in Remark 14. For any k ∈ {1, . . . , n}, denote the k-th column of W by w k ∈ K d+1 . Let H k ⊂ K d+1 be the hyperplane consisting of all x ∈ K d+1 such that w k · x = 0. The hyperplane arrangement A(X) is the arrangement {H k } n k=1 in K d+1 .
Proposition 23. For any J ∈ [n] d , the intersection J := k∈J H k is a 1-dimensional subspace of K d+1 if and only if V J = 0, where V J denotes the column indexed by J in the matrix V from Definition 16. In this case, the line J is spanned by the vector V J .
Proof. The subspace J is 1-dimensional if and only if the (d + 1) × d submatrix W J of W consisting of the columns indexed by J has rank d, which is the case precisely when it has a non-zero maximal minor. The maximal minors of W J are the entries of V J , proving the first claim of the proposition. To see that V J ∈ J , add a second copy of a column of W J to W J , producing a (d + 1) × (d + 1) matrix with determinant zero. Laplacian expansion with respect to this column shows that the vector V J is annihilated by it. Since this holds true for each column, we can see that V J is in the intersection of all the hyperplanes H k with k ∈ J. Proof. This follows directly from Proposition 23 and Theorem 18.
G e n e r i c i t y
If X 1 and X 2 are two (d + 1)-dimensional linear subspaces tropicalizing to the same Bergman fan X , it is still possible that the tropicalization of the moduli spaces of d-dimensional subspaces trop(L(X 1 )) and trop(L(X 2 )) differ (see, for instance, Example 27 below, and Examples 3.3 and 3.4 of [Lam18] ). However, we show in this section that there is an open dense subset of the Grassmannian Gr(d + 1, n) such that for all X in this subset trop(L(X)) does not change. We refer to this as the generic case.
Proposition 25.
There an open dense subset (in the Zariski topology) of the Grassmannian Gr(d + 1, n) such that for all X in this subset trop(L(X)) is the same. We call a subspace X in this subset generic.
Proof. We consider the matrix W of Remark 14 as a matrix with indeterminate entries Q J as above. From W , we built the matrix V forming concrete coordinates for L(X), where X is the linear space generated by the rows of W . The maximal minors of V are polynomials in the Q J , some of which might be identically zero in the Grassmannian Gr(d + 1, n) . The desired subset of Gr(d + 1, n) is obtained by requiring that all the maximal minors of V that are not identically zero do not vanish. Note that this results in an open dense subset of Gr(d + 1, n), as this is an irreducible algebraic variety.
The tropicalization of a generic X is the Bergman fan X of the uniform matroid U d+1,n , and we use the notation L trop (X ) to denote the space trop(L(X)) for such generic X. We call L trop (X ) the generic space of tropicalized d-dimensional subspaces for X . In the next section we combinatorially describe the space L trop (X ) as the Bergman fan of a Dilworth truncation.
Example 26. Let d = 2 and n = 6. From the 3 × 6 matrix W given as
we can compute the concrete coordinates V = (E | V ) for the space of lines as in Definition 16. This is the the 3 × 15 matrix starting with a 3 × 3 unit matrix and followed by
We computed all 3 × 3 minors of the matrix V above. Many are monomials in the Q J , or reduce to monomials in the Q J modulo the Plücker ideal defining Gr(3, 6). The maximal minors that are not monomials are:
If we require that all Plücker coordinates Q J and all these minors are nonzero, we obtain in this way an open dense subset of Gr(3, 6) parametrizing the linear subspaces X for which trop(L(X)) equals the generic space of tropicalized lines L trop (X ) for the Bergman fan X of the uniform matroid U 3,6 .
In the following example, we relate our computation in Example 26 of the space of generic planes for the Bergman fan of U 3,6 to Lamboglia's Fano schemes [Lam18] .
Example 27. As in Example 26, let X be the Bergman fan of U 3,6 . In [Lam18] , Lamboglia considers the space of all (realizable) tropical lines contained in X , and shows that it is a 3-dimensional polyhedral complex that strictly contains all the tropicalized spaces of lines that we study here. As an example in [Lam18] , two different linear subspaces X 1 and X 2 tropicalizing to X are presented, and the tropicalizations of their spaces of lines L(X 1 ) and L(X 2 ) are computed. The linear subspace X 1 is the rowspace of the matrix [Lam18] ). This subspace satisfies q 124 · q 356 − q 123 · q 456 = 0, q 134 · q 256 − q 234 · q 156 = 0, and q 125 · q 346 − q 345 · q 126 = 0. The first equation is one of our relations of Example 26 when q 123 = 1; the second and third equation are equivalent to the first equation modulo the Plücker ideal of Gr(3, 6). It follows that L(X 2 ) is non-generic, whereas L(X 1 ) is. In particular, the Bergman fans of the matroids of L(X 2 ) and L(X 1 ) do not coincide. Examples 3.3 and 3.4 in [Lam18] construct a tropical line Γ in X which is not contained in the tropicalization of L(X 1 ) but is contained in the tropicalization of L(X 2 ). We revisit this example in the next section; see Example 34.
D i lwo rt h t ru n c at i o n s
In this section we combinatorially describe the matroid of L(X) in the case the linear subspace X is generic. The relevant matroidal construction called the Dilworth truncation.
The following is the definition from [Whi86, Chapter 7, Exercise 7.55] by Brylawski. Note that the first Dilworth truncation D 1 (M ) of a simple matroid M is M itself, and the e-th Dilworth truncation D e (M ) is the uniform matroid U 1,1 with one coloop.
The following theorem gives a geometric interpretation of the Dilworth truncation of a matroid M realizable over C.
Theorem 29 ( [Bry85] ). Let P be a collection of n points in P e−1 realizing the matroid M . Suppose H ⊂ P e−1 is a generic subspace of codimension k − 1. Each k-flat F spanned by P (of projective dimension k − 1) intersects H in a point that we label h F . Then this point configuration {h F } in H realizes the k-th Dilworth truncation D k (M ) of M .
We will prove that the matroid of L(X) for generic linear subspaces X is given by a certain relabeling of a Dilworth truncation of the free matroid U n,n .
Definition 30. The matroidD k (U n,n ) is the matroid on the set of subsets of [n] of size n − k obtained by relabeling the elements of the Dilworth truncation D k (U n,n ) with their complements.
Example 31. We describe the circuits of the relabelingD n−2 (U n,n ). The uniform matroid U n,n is realized by n generic points in P n−1 , forming a simplex ∆. The elements ofD n−2 (U n,n ) are subsets of [n] of size 2. InD n−2 (U n,n ), there are no 1-or 2-element circuits. . Then, J c i = [n] \ {a, a i } for elements a 1 , a 2 , a 3 = a, and thus the J i have the form {a, a 1 }, {a, a 2 }, {a, a 3 }. Any 3-element circuit ofD n−2 (U n,n ) has this form.
A 4-element subset is a circuit ofD n−2 (U n,n ) if and only if it does not contain a 3-element circuit as above. There are no circuits of size bigger than 4.
The following theorem proves the statement in Theorem 1 about the generic behaviour. This result also appears in [AB07] , in connection to matroids arising from generic flag arrangements.
Theorem 32. If X ∈ Gr(d + 1, n) is a generic linear subspace (see Proposition 25), then the matroid of L(X) equals the relabelingD n−d (U n,n ), and thus trop(L(X)) is the Bergman fan ofD n−d (U n,n ).
Proof. The n coordinate vectors e i in P n−1 realize the free matroid U n,n , and form the vertices of an (n − 1)-simplex ∆. Let X ⊂ P n−1 be a generic linear subspace of codimension n − d − 1. The n coordinate hyperplanes H i = {x i = 0} in P n−1 restrict to a hyperplane arrangement A(X) on X ∼ = P d that represents the uniform matroid U d+1,n , as discussed in Section 5. For any subset J ⊂ [n] of size n − d, the intersection of the d hyperplanes {H i } i / ∈J is equal to the span F J of the (n − d − 1)-dimensional face of ∆ with vertex set {e i } i∈J . By Theorem 29, the points h J = X ∩ F J realize the (n − d)-th Dilworth truncation D n−d (U n,n ). Note that the point h J = X ∩ ( i / ∈J H i ) corresponds to the line J c of the arrangement A(X), as in Definition 22. It follows by Corollary 24 that the matroid of L(X) equals the relabelingD n−d (U n,n ).
In view of Theorem 32, we see that Example 31 characterizes the matroid of the space L(X) of lines in a generic plane X ⊂ P n−1 .
Example 33. Let X be the Bergman fan of U 3,4 , i.e., X is the standard tropical plane in R 3 (see Figure 4 ). By Theorem 1, the matroid of the generic space of tropicalized lines L trop (X ) is equal toD 2 (U 4,4 ). As discussed in Example 31, this matroid is realized by 6 points labeled 12, 13, 14, 23, 24, 34 in P 2 , such that e.g., 12, 13, 14 lie on a line, etc. This matroid is illustrated in Figure 1 .
The Bergman fan of this matroid equals the generic space of tropicalized lines L trop (X ). In its fine subdivision, it has 13 rays corresponding to the flats ofD 2 (U 4,4 ) -6 points, 4 lines going through 3 points each, and 3 lines going through 2 points. For the lattice of flats, see Figure 2 . In this Bergman fan, there is a 2-dimensional cone between two rays if and only if the two rays correspond to a point and a line on which that point lies. The link of this Bergman fan is the Petersen graph, with three extra vertices corresponding to the three lines through only 2 points (see Figure 3) . We obtain the coarse subdivision by dropping those three extra vertices.
In particular, note that there is no identification of the plane X with its tropicalized dual plane L trop (X ).
We now describe exactly how the Bergman fan L trop (X ) parametrizes lines inside X . The fan X in its coarse subdivision has 4 rays, say 1, 2, 3, and 4. To obtain its fine subdivision we subdivide it by adding the six rays 12, 13, 14, 23, 24, 34, i.e., we subdivide each of the six 2-dimensional cones, obtaining a total of 12 maximal cones. Each such 2-dimensional cone of X is spanned by two rays, of the form i and ij. The fan X in its fine subdivision and its link are depicted in Figure 4 .
We can compute the positions of the vertices of a tropical line in R 3 from its Plücker coordinates (using e.g. [MS15, Example 4.3.19]).
For a ray of the form {ij} of the Bergman fan L trop (X ), the Plücker coordinate of its primitive generating vector has a −1 in coordinate ij and 0 otherwise. We thus obtain as F i g u r e 3 . The link of the Bergman fan ofD 2 (U 4,4 ) (which is equal to L trop (X )) is the Petersen graph with 3 extra vertices. vertices of the corresponding tropical line the origin (0, 0, 0, 0) and −(e i + e j ). This ray thus parametrizes tropical lines with one vertex at the vertex of X and one vertex in the ray ij.
A ray of the form {ij, ik, il} yields Plücker coordinates −1 for those three entries and 0 otherwise. We obtain a 4-valent tropical line with vertex at −e i . This ray thus parametrizes tropical lines with a 4-valent vertex at the ray i of X . We therefore choose to relabel it using the letter i (see Figure 5) .
Analogously, for a ray of the form {ij, kl}, we obtain the tropical line with vertices at −(e i + e j ) and −(e k + e l ). These are the rays we drop in the coarse subdivision. The ray parametrizes tropical lines whose bounded edge passes through the vertex of X , such that it is divided into two equal parts by the vertex of X . The tropical lines in the two adjacent 2-dimensional cones differ just by which part of the bounded edge is longer. Since this is not a combinatorial difference, from the point of view of combinatorial types of lines in X it hence makes sense to drop these 3 extra rays and use the coarse subdivision for the Bergman fan L trop (X ).
Having discussed the lines corresponding to the rays of the Bergman fan L trop (X ), we can now turn to its 2-dimensional cones.
The 2-dimensional cones spanned by rays of the form i and ij parametrize tropical lines with one vertex on the ray i and one vertex in the cone spanned by i and ij of X . There are 12 such 2-dimensional cones, corresponding to the twelve 2-dimensional cones of X that contain one vertex of the line in their interior.
The 2-dimensional cones spanned by rays of the form ij and kl parametrize tropical lines whose bounded edge passes through the vertex of X . There are 3 such 2-dimensional cones, corresponding to the three directions that a bounded edge of a tropical line may have.
We can see how the fifteen 2-dimensional cones of the fan L trop (X ) (in its coarse subdivision) correspond to combinatorial types of tropical lines in X . The fan, using the coarsening and relabeling from above (i.e., dropping the three extra rays and denoting a ray ij, ik, il by i instead) is depicted in Figure 5 . For the rays, we depict the combinatorial type of tropical lines in X that it parametrizes in Figure 6 (up to symmetry). For the 2-dimensional cones, we depict them in Figure 7 (again up to symmetry).
Example 34. We revisit Example 27, and compute the matroids that correspond to the two tropicalized Fano schemes. The linear subspace X 1 is generic, so we can deduce that the matroid of L(X 1 ) is the relabeled 4-th Dilworth truncationD 4 (U 6,6 ), by Theorem 32. It is the matroid of the point configuration arising as the intersections of six generic lines in P 2 .
The linear subspace X 2 it is not generic, so we cannot describe the matroid of L(X 2 ) as a Dilworth truncation. Nevertheless, this matroid is the matroid of lines of the hyperplane arrangement A(X 2 ), following Proposition 23. It is the matroid of the point configuration F i g u r e 6 . The combinatorial type of the tropical lines parametrized by the rays 1 and 12 of L trop (X ) in its coarse subdivision (see Figure 5 ).
F i g u r e 7 . The combinatorial type of tropical lines parametrized by the 2-dimensional cones spanned by 1, 12 resp. 12, 34 of L trop (X ) in its coarse subdivision (see Figure 5 ). arising as the intersections of six lines in P 2 , but these lines are not generic -concretely, the points p 12 , p 34 and p 56 lie on a line.
